A two-axis reciprocating machine, termed Complementary Scotch Yoke (CSY), is regulated via a novel control algorithm. Containing two independent driving motors, it is capable of converting two-axis rotary movements into double-mode linear harmonic motions. The axes are subject to periodic disturbances of quadruple characteristic frequencies when the machine undergoes harmonic motions. A feedback law emulating multi-mode vibration absorbers is designed to compensate for the periodic disturbances so that the driving axes are regulated at the set angular speeds. The virtual passive controller ensures stability of the unforced system, and it is shown that the periodic disturbances can be canceled out if the virtual vibration absorber has all of the characteristic frequencies of the disturbance. Experimental results on a CSY prototype confirm the effectiveness of the proposed method.
Introduction
This paper presents the mechanism and control design of a two degree-of-freedom reciprocating machine, termed Complementary Scotch Yoke (CSY). Containing two independent driving motors, the machine converts rotary motions into linear, reciprocating movements. Similar to a Scotch yoke, which converts constant rotary motions into linear harmonic motions, CSY is capable of superimposing two independent modes of rotary motions into a sine wave of dynamically adjustable stroke, as well as a mixed-frequency reciprocating movement. While such tasks could be achieved with a ball screw, it would require the motor to be periodically driven in the opposite directions for the reciprocating movements. The driving motor would be constantly accelerated and decelerated through "forward", "stop", and "backward" states, resulting in large transient currents as well as severe mechanical wear. In the proposed mechanism, on the other hand, the driving motors will be regulated at constant speeds. The loading will be much less demanding for the motors.
Since the driving axis of a reciprocating machine is subject to a periodic disturbing force, the output may not follow the desired trajectory unless this disturbance is ade-quately compensated for. According to the Internal Model Principle (1) , asymptotic rejection of nondecaying disturbances requires that the dynamic model of the disturbance be embedded in the feedback loop. For linear systems, this is achieved by devising a controller having poles on the imaginary axis with magnitudes equal to the disturbance's characteristic frequencies. Design tools for certain classes of nonlinear systems have also been developed (2) - (4) . In the field of mechanical vibrations, on the other hand, dynamic vibration absorbers have been a classic scheme for suppressing harmonical disturbance in mechanical structures and in systems with rotary parts (5) - (7) . The vibration absorber can be viewed as a physical realization of the Internal Model Principle. However, in many situations it is difficult and impractical to install a physical vibration absorber at the location of concern. Hence there are several alternative methods for suppressing mechanical vibrations: In Refs. (8) and (9), piezoelectric materials with shunt resonant circuits were devised for damping structural vibrations. In Ref. (10) a semi-active internal-model control scheme using DC servo motors was designed for asymptotic rejection of periodic disturbances. In Ref. (11) , a control algorithm, called the delayed resonator, was implemented by piezoelectric actuators to asymptotically eliminate vibrations in a clamped-clamped flexible beam due to nondecaying harmonic disturbances. In Ref. (12) a linear voice-coil motor was employed to serve as an active vibration absorber. Compared to the conventional absorbers, electromechanical absorbers have the merits of greater flexibility since the resonant frequency can be tuned by an LC circuit or by adjusting the parameters of a control algorithm. Meanwhile, active control schemes mimicking passive elements have also been developed for regulation of mechanical systems: In Ref. (13) a controller simulating linear spring, mass, and damper was applied to nonlinear mechanical structures. In Ref. (14) , a nonlinear virtual resetting absorber was employed for vibration suppression. In Ref. (15) , a mass-spring-damper controller was utilized to suppress vibrations in an axially moving material system, as a boundary control scheme for distributed-parameter systems. In Ref. (16) , an algorithm emulating the behavior of a dynamic vibration absorber was developed to completely cancel out harmonic disturbances of known frequencies. The method was applied to a robotic arm with a constantly revolving member in Ref. (17) .
In this paper, an active controller mimicking multimode passive vibration absorbers is implemented using DC servo motors. It will be shown that a single d.o.f. reciprocating machine (the Scotch yoke) imposes doublefrequency sinusoidal torques on the driving axis when in harmonic motions. The two d.o.f. machine (the CSY), on the other hand, imposes harmonic torques of quadruple characteristic frequencies on each driving axis. The virtual vibration absorbers therefore must contain multiple natural frequencies in order to fully compensate for the periodic torques. Thanks to the virtual passive nature of the control actions, stability of the unforced system is ensured regardless of the detailed parameters of the plant. Real-time experiments on a CSY prototype are conducted to verify the effectiveness of the proposed algorithm.
The rest of the paper is arranged as follows: In section 2, the virtual vibration absorber is introduced for velocity regulation of a single-link arm revolving in gravity, serving as a motivation for more sophisticated plants. In section 3, multi-mode vibration absorbers are applied to a single d.o.f. reciprocating machine (the Scotch yoke) and a double-axis reciprocating machine (the CSY). It will be shown that if the virtual absorbers contain all the characteristic frequencies of the periodic disturbances, the driving axes can be regulated at constant speeds. Section 4 presents the experimental results on a CSY prototype. Section 5 presents the concluding remarks.
Velocity Regulation with Virtual Vibration Absorbers
In this section velocity regulation of a rigid arm revolving in gravity field will be achieved using a virtual vibration absorber, serving as a motivation for more sophisticated systems. The system is governed by Jθ + bθ + mg c cos(θ) = u (1) where θ is the angular displacement, u is the input torque, Fig. 1 A rigid arm revolving in gravity regulated by a virtual passive algorithm. The controller is represented by the virtual springs and mass, where k p , k a , J a , and k d are the gains in the feedback algorithm and √ k a /J a = ω d . One end of the virtual spring k p is set at the speed of ω d J is the moment of inertia with respect to the axis of rotation, b is the coefficient of viscous damping of the rotary shaft, g is the gravitational acceleration, m is the mass and c is the distance from the center of mass to the joint. The objective is to regulate the arm at a constant rotational rate of ω d rad/sec.
At the set speed (ω d ), the gravity term in Eq. (1) becomes mg c cos(ω d t + φ), where φ is an arbitrary constant. That is, a sinusoidal disturbance of radian frequency ω d is imposed on the axis. To counteract this harmonic disturbance, a vibration absorber of characteristic frequency ω d could be mounted on the shaft, as shown in Fig. 1 . Without installing a hard spring-mass device to the rotary part, one can achieve the same function using a feedback algorithm described by
where k p , k d , J a and k a are positive constants, k a /J a = ω 2 d , and r = ω d t.
As illustrated in Fig. 1 , the control action of Eqs. (2) and (3) is equivalent to a set of spring, mass, and damper mounted on the axis of the arm. Specifically, the algorithm emulates a vibration absorber of stiffness k a and mass J a , with characteristic frequency ω d , along with a linear spring of stiffness k p and an additional viscous damper of coefficient k d .
The closed-loop system of Eqs. (1) -(3) has the following properties:
( i ) The unforced system, i.e., r = 0 (or the set speed ω d = 0), is bounded andθ tends to zero. This is evident from the equivalence of the closed-loop system to a passive mechanical structure composed of inertia J and J a , torsional springs k p and k a , and viscous damping b and k d . Mathematically, let
which is the mechanical energy of the virtual passive system. The time derivative of V can be shown to be the power dissipated through the virtual damper:
Since V is lower bounded and its time derivative is smaller or equal to zero, we haveV → 0, orθ → 0.
Since z represents the displacement of the mass of the virtual vibration absorber, Property ( ii ) implies that wheṅ θ → ω d , the virtual mass oscillates in such a way as to cancel out the harmonic disturbance from gravity. For linear systems, property ( ii ) is equivalent to having a pair of zeros at ±iω d , ensuring output convergence in the presence of the harmonic disturbance. For nonlinear systems such as this, however, convergence of the output to the set value is locally but not globally guaranteed, and needs to be further confirmed by simulations or real-time experiments.
Speed Regulation of Reciprocating Machines
In this section the concept of virtual vibration absorber will be applied to a one-axis reciprocating machine (the Scotch yoke), and a two-axis reciprocating device (the CSY).
1 Scotch yoke
The kinetic and potential energy of the Scotch yoke depicted in Fig. 2 are respectively
where J 0 is the moment of inertia of the driving crank (including the driving pin in contact with the yoke) about the axis of rotation, m 0 is its mass, and c is the length between the mass center and the axis of rotation; m 1 is the mass of the yoke. Since
where is the length of the driving crank, the kinetic energy T can be expressed as a function of θ 1 andθ 1 . Using Lagrange's equations, the dynamic equation can be derived to be
where
At steady state, i.e., θ 1 = ω d 1 t+φ, φ being an arbitrary constant, we have Note that the spring k a 1 is connected to the hub by passing through J a 2 and k a 2 where d * denotes the function of d whenθ 1 = ω d 1 . It is seen that the system is subject to a harmonic disturbance composed of two sine waves of frequencies 2ω d 1 and ω d 1 . The former comes from the reciprocating motion of the yoke, and the latter is due to gravity. To counteract this harmonic disturbance, a double-frequency vibration absorber needs to be mounted, as shown in Fig. 2 . Similar to the one-link arm of the previous section, the doublefrequency absorber can be emulated by the following feedback law:
where k p , k d , k a i , i = 1,2, are positive constants, and r = ω d 1 t.
Similar to the single-link arm, the closed-loop system of Eqs. (4) -(8) is characterized by the following two properties: Property 1 The unforced system (r = 0) of Eqs. (4) - (8) , is bounded andθ 1 → 0.
Proof: Let
where J a i , i = 1,2, are moments of inertia of the virtual blocks shown in Fig. 2 ; k a 1 /J a 1 = ω d 1 and k a 2 /J a 2 = 2ω d 1 . V is therefore the kinetic and potential energy of the mechanical equivalent of the Scotch yoke and the controller. The time derivative of V is thereforė
Following the same reasoning as in the previous section, we haveθ 1 → 0. Property 2 Given r = ω d 1 t, and
where φ = −k d ω d 1 /k p , there exist a set of functions
and
satisfying Eqs. (4) - (8) , where α i , β i , ψ i , i = 1,2, are constants depending on the plant parameters and feedback gains.
Proof: The property is proved by substitution of Eqs. (9) -(11) into Eqs. (4) - (8) .
Property 2 indicates that asθ 1 → ω d 1 , the virtual vibration absorber is capable of cancelling out the doublemode harmonic disturbances.
2 Complementary Scotch yoke
As shown in Fig. 3 , the Complementary Scotch yoke contains two driving motors. The reciprocating yoke is driven by motor A via crank A. Motor B is mounted on the output block, which slides along the inside of a fixed frame. By driving crank B against the yoke, motor B forces the output block to move relative to the yoke. Cranks A and B are of the same length ( ), and displacement of the output block (y) can be expressed as
where θ 1 and θ 2 are the angular displacements of motors A and B. From Eq. (12), this mechanism may serve two different functions: First, if the two axes rotate at the same frequency, the output will be a simple harmonic motion, of which the stroke can be varied on-line by adjusting the relative phase of the two motors. That is, the stroke can be dynamically varied from 0 to 2 . Second, with the motors turning at two distinct frequencies, the output block will undergo double-mode harmonic motions. In particular, since the two cranks are of the same length, when where J 0 , m 0 , c , and m 1 are as defined before; m 2 is the combined mass of the output block and the motor mounted on it, and m 3 is the mass of the vertical slider at the end of crank B. The inertia of crank B itself is neglected in order to simplify the equations. The notationsẋ 1 ,ẋ 2 , andẋ 3 respectively stand for the horizontal velocities of the yoke, the output block, and the vertical slider on crank B;ẏ 3 is this slider's vertical velocity. The kinetic energy T can be expressed as a function of θ 1 ,θ 1 , θ 2 ,θ 2 using the following relations: x 3 = x 1 = cosθ 1 , x 2 (= y) = (cosθ 1 + cosθ 2 ), and y 3 = sinθ 2 .
Using the Lagrange's equations, the governing equations can be derived to be
where From the identity that
where α and β are constants, at the set speeds d 1 and d 2 can be expressed as
where δ i j and φ i j are constant values. It is seen that both axes are subject to harmonic disturbances containing four different frequencies, namely To fully compensate for these sinusoidal disturbances, virtual vibration absorbers of four distinct characteristic frequencies should be installed at each axis, as shown in Fig. 4 . The control laws for u i , i = 1,2, are hence devised to be
where r i = ω d i t, i = 1,2, and k p i , k d i , k a i j are all positive constants. Similar to the previous case, the closed-loop system is characterized by the following properties:
Property 3 The unforced system of Eqs. (13) , (18) -(22), i.e., r i = 0, is bounded andθ i → 0, i = 1,2.
Property 4 Given
satisfying Eqs. (13) , (18) - (22) .
Property 4 implies that, asθ 1 → ω d 1 andθ 2 → ω d 2 , the virtual vibration absorber is capable of cancelling out the quadruple-mode harmonic disturbances.
Experimental Results
The experimental device is shown in Fig. 5 . Major dimensions of the device are as follows: (length of crank A and B) = 40 mm, so that the maximum stroke of the output block is 80 mm; m 1 (weight of the sliding yoke) = 1.2 kgw; m 2 (combined weight of the output block and motor B) = 1.2 kgw; the vertical sliders for crank A and B both weigh 0.28 kgw. The experimental setup includes a PC (Pentium II 350 MHz running C program in DOS mode, to ensure real-time computing), two 110 W DC servo motors from Sanyo Denki with 1 000 pulses/rev encoders, and a two-channel, 12-bit D/A card driving the motors through two servo amplifiers. The control algorithms are discretized with a sampling rate of 1 000 Hz. The experiments contain two parts. In the first part, crank B is removed so that the device reduces to a singleaxis Scotch yoke. In the second part, crank B is restored to test double-mode operations. Figure 6 shows the time response of the single-axis Scotch yoke under the control law of Eqs. (6) -(8), with ω d 1 = 2π rad/sec. Significance of the virtual vibration absorber is also manifested in Fig. 6 , where it is seen that z 1 and z 2 oscillate about the "equilibrium" (θ d = ω d 1 t) at frequencies of 1 and 2 Hz respectively, corresponding to the 2π and 4π rad/sec disturbing torque due to gravity and the reciprocating motion of the yoke. Figure 7 shows the time response of the CSY under the controller of Eqs. (18) -(22), with crank A and crank B respectively regulated at 90 and 60 rpm (3π and 2π rad/sec, or 1.5 and 1 Hz). From Eqs. (16) and (17), the disturbing torques on each shaft contain four distinct frequencies: 1.5, 3, 2.5, and 0.5 Hz for shaft A, and 1, 2, 2.5, 0.5 Hz for shaft B. These periodic torques are effectively compen- Figs. 8 and 9 . As a result, it is seen from Fig. 7 that ω 1 and ω 2 tend to almost constant values. The small fluctuations, which are about the same level for both axes after 30 seconds, can be explained by the imperfectness of the servo motors, which are assumed to possess a linear current-torque curve, and the nonlinear frictional forces in the sliding parts of the experimental device. Discussions of robustness. Extensive simulations on the system indicate that the control scheme is quite robust for speed regulations. Figure 10 shows the time responses of simulation on CSYs of two different set of inertia with the same control gains. One is of the nominal inertia and the other is scaled down to one-tenth of the nominal values. It is seen that the two cases almost coincide except during the transient times. In general larger inertia extends the transient period but the speeds converge to the set values eventually. This is consistent with the feature of dynamic vibration absorbers, which are capable of neutralizing disturbances of given frequencies regardless of the parameters of the primary structure.
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Conclusions
A two degree-of-freedom reciprocating machine is built and controlled using a virtual passive algorithm that emulates a multi-mode vibration absorber. It is shown that speed regulations on the two independent axes can be achieved if the virtual vibration absorbers contain all of the characteristic frequencies of the periodic disturbances. The effectiveness of the proposed method is confirmed by experimental results. This paper demonstrates that the notion of a dynamic vibration absorber is helpful in developing a simple control algorithm for complicated plants.
On the other hand, by emulating a sophisticated passive mechanism with a software-commanded actuator, one can substantially extend the applications of the conventional vibration absorber.
